This paper presents a thermal p-version multidimensional finite element for ablative materials which can be applied to the simple thermal structural analysis of an atmospheric re-entry vehicle's ablative thermal protection system. The element is integrated into the element library of a multidisciplinary optimization analysis system developed by the Japan Aerospace Exploration Agency's Aerospace Research and Development Directorate. As with a general thermal shell element, a user of this system can set the initial thickness of the virgin layer as a parameter instead of by coordinates, allowing parametric studies to be easily conducted. The element can be laminated with other general thermal element models; for example, an aluminum primary structure-strain isolation pad-ablative material shell configuration typical of a re-entry vehicle thermal protection system.
Introduction
Generally, TPS (thermal protection system) thermal analysis models tend to have nonlinear thermal response along the thickness direction due to nonlinearities of the material properties and thickness. It is therefore usually necessary to generate a mesh division along the thickness direction in order to precisely express the thermal response of the TPS. If we construct a model for the whole of a re-entry vehicle's structure, this generally leads to a large computational and modelling cost. During preliminary design, it is often desired to obtain a certain degree of accuracy while keeping the modeling technique as simple as possible. However, commercial finite element method (FEM) codes do not provide elements and modelling techniques which support such analyses.
In response to these needs, the Structural adn Mechanisms group of the ARD (Aerospace Research and Development Directorate) at JAXA (Japan Aerospace Exploration Agency) has developed multidimensional pversion finite thermal element libraries which can be used as general thermal shell elements 1) . Axisymmetric elements based on a similar concept have also been developed by Surana, Absaleh, Karim, Bose and Orth 2, 3) . Based on the one-dimensional p-version finite element, JAXA has also developed a new type of thermal element which can be used to analyze phase change or ablative phenomena 1) . A p-version finite element 4) is an element in which an unknown variable is expressed by a superposition of hierarchical, higher order shape functions as opposed to a simple, low-order shape function used by general finite element analysis code. Present analysis codes for ablative materials 5, 6, 7, 8) employ the finite difference method (FDM) or finite volume method (FVM), which require meshing in the thickness direction to express temperature distribution. The author also participated in the development of the FISCAM twodimensional ablative material analysis code 9) , which was formulated using a similar approach except that the code used the finite element method as its discretization procedure. In this paper, a new multidimensional p-version element for ablative materials is introduced, which is based on both a one-dimensional p-version thermal element for the ablative material and a multidimensional p-version thermal shell element.
Governing Equations
In a mathematical model of ablation phenomena, the analysis domain is divided into three regions: char, pyrolysis and virgin (Fig. 1) . Virgin material is decomposed into pyrolysis gas and char in the pyrolisis region. Py-rolysis gas is released through the char region toward the surface, and there is heat exchange between the pyrolysis gas and charred material. When the pyrolysis region can be assumed to be relatively thin, it may be treated as a movable phase-change boundary with zero thickness. In this case, the problem is defined as a Stefan problem in addition to heat exchange with the pyrolysis gas, with a moving boundary due to phase change and surface ablation. As shown in Fig. 2 , the analysis domain is divided into the virgin region Ω V and the char region Ω C by the phase-change boundary Γ P , and the outer surface of both domains is defined as Γ. When the material ablates at the surface, the surface is treated as Γ P . The energy balance equation in Ω V and Ω C incorporating the heat-exchange effect of the pyrolysis gas and movable boundary shown in Fig. 2 is written as
on Γ where Dirichlet boundary condition is applied:
on Γ where Neumann boundary condition is applied:
The temperature of the pyrolysis gas is assumed to be equivalent to the temperature at all points in Ω C , which is the same assumption as used in other FDM or FVM models 5, 6, 7) . The term ∇θ · u Ω in Eqs. (1) and (2) denotes the rate of change of temperature due to the movement of Ω. Heat conduction to the pyrolysis gas is ignored in Eq.(2) because this element was developed in order to simulate ablative phenomena in the case that the coefficient of thermal conductivity of the gas is sufficiently smaller than that of char material, and with heat exchange due to gas flow assumed to be much greater than the heat conduction of the pyrolysis gas itself. These assumptions are also made in other methods using FDM or FVM 5, 6, 9) . The Stefan condition on Γ P is obtained as follows:
Other FDM/FVM one-dimensional analyses 1, 5, 6) assume that mass flux is computed from the integral of the pyrolysis decomposition rate along the thickness direction, but for multidimensional analysis it is necessary to evaluate the mass flux vector of the pyrolysis gas. To analyze the mass flux vector, assuming quasi-steady flow, the pyrolysis gas mass flux is expressed by the partial differential equation of the pyrolysis gas flow expressed in the same form as the steady state-heat conduction equation
under the boundary condition
This method has advantages over mass flux vector calculation along the eta-axis of the mesh or a user-specified path 8, 9) in that the mass flow by this method gives a more reasonable path and is not affected by the mesh division pattern, and the model yields the correct mass flux vector if the pyrolysis gas can be assumed to be an almost incompressible fluid. Also, if the model is onedimensional, this method gives the same mass flux in the virgin region as the above references.
The relationship between mass flux and pseudo gas pressure gradient is defined bẏ m g = µ∇p g (8) and the relationship between mass flux and the drift speed of Γ P is expressed as
3. Discretization of Government Equations
Weak Form and Finite Element Formulation
The energy balance equations in Ω V and Ω C (1), (2) and the mass flow equation in Ω C (6) are converted to weak forms, and partial integration is applied to their second-order derivative terms. Then, the equations are expressed as follows:
The whole of the analysis domain is divided to element domains. Each element domain is supposed to have both virgin and char regions. Spacewise discretization of Eqs. (10)-(12) using the Galerkin method under boundary conditions (3), (4), (5), (7), and the relationship between mass flux and pseudo gas pressure gradient (8) lead to the following equations for each element:
As with the other computational models 1, 5, 6, 7, 9) , in the matrix construction procedure the temperature of pyrolysis gas is assumed to be equivalent to the temperature at the numerical integration points in Ω C . u Ω is given by Eq.(15) at the integration points in Eq.(13).
Construction of Element Matrices
A schematic of a three-dimensional, first-order (inplane) version of our element is shown in Fig. 3 . The coordinates and components of the normal vectors are stored in nodes 1-4 of the "base plane". Higher order polynomial values (temperatures) along the thickness direction are stored in nodes 9-12 for Ω Ve and in nodes 13-16 for Ω Ce .
Variables in the element domain are expressed by the product of shape functions in-plane and shape functions in the thickness direction. The Legendre higher order polynomial is used as the shape function in the thickness direction, whereas a general linear shape function is used There is a further advantage to using a higher order polynomial shape function in the thickness direction. In most cases, we must set a uniform or linear, or at most second-order, temperature distribution in the thickness direction as an initial condition. It is time-consuming to apply meshing along the thickness direction and set a linear or second-order temperature distribution, especially if a non-uniform mesh distribution is used. The "offset" value is defined for nodes 5-16 as a distance from the base plane along the base plane normal vector at each node. Introducing this offset value enables a parametric study of TPS thickness without re-meshing.
The termN j in Eq. (13), (14) is related to the velocity at the numerical integration point. This is identical to using a first-order polynomial (linear) shape function for temperature in the thickness direction. To enable precise calculation of the integral in the element domain, the fourth term on the left hand side of Eq.(13) should be obtained at the vertex integration point in-plane. The Gauss integration point is employed for the other terms. For the first term of the mass flux Eq.(14), the pseudo gas pressure is set to be first-order in the thickness direction aŝ N i , because the equation has the same form as the steadystate heat conduction equation.
Computational Procedures in Analysis Code
Our element module was integrated into the element library of CUMuLOUS, a multidisciplinary analysis system under development at JAXA/ARD. The present version of this system can perform steady, modal, and transient analyses of nonlinear thermal, structural and vehicle motion/control models, and has an optimization/identification routine for multidisciplinary transient systems which employs an original algorithm and p-finite element in the time axis. The system is designed to allow arbitrary physical quantities to be set at each node and to incorporate new types of element. All modules are written in Fortran90, and users can develop their own element and material modules, allowing the system to be used as a customized analysis system.
All of the variables in our element are solved simultaneously in an implicit manner. Because the element matrix derived from Eq.(13) has an asymmetric form due to the pyrolysis gas and boundary movement, the BiCGSTAB method with block Jacobi pre-conditioner is used to solve the system. To prevent the block diagonal preconditioner matrix from being singular, the rows and columns of the element matrix related to first-order shape function at nodes 9-12 and nodes 13-16 in Fig. 3 are swapped so that heat flux can be actually applied to nodes 9-12.
Before phase change, the temperatures at nodes 9-12 and 13-16 are constrained to be the same value at each location in the in-plane direction. When ∇θ · n P > 0 in Ω V on Γ P become higher than the phase change temperature θ P , this is considered as the beginning of phase change. After phase change, the difference of the offset value between the beginning and end of the time step during which phase change occured is set for each location in-plane such that the energy required to change phase is equivalent to the heat flow within that time step. As a result, the analysis domain is automatically separated into virgin and char regions. This procedure is basically the same as the method employed for the one-dimensional version of the element 1) . After phase change, at the nodes on Γ P between Ω V and Ω C , an additional constraintθ = −0.1(θ − θ P ) is applied for numerical stability. This constraint does not affect energy balance directly.
At the phase change boundary, if (κ∇θ · n P ) Ω V > (κ∇θ ·n P ) Ω C , phase change is stopped and constraints related to phase change are removed. These functions limit the application of the element to irreversible process only.
In CUMuLOUS's input data processing, each element can be assigned a polynomial order as an optional parameter. After reading the node connection data, the polynomial order of nodes 9-16 is automatically set to the minimum value of all of the elements which share the node. This automated procedure helps users to set a high degree of freedom within a limited region of interest, further improving computational efficiency.
The normal vectors at the base nodes are calculated automatically in the CUMuLOUS input processing by averaging and normalizing the vectors of the elements sharing the base node. This ensures C0 continuity of shape and temperature at the boundaries between elements.
Two options derived from element module support other types of TPS configuration. One is for the analysis of thermal protection systems without a char region; that is, where the material changes phase at the surface due to aerodynamic heating and the phase changed layer is removed immediately by dynamic pressure. The other is an actively-cooled TPS model with a porous material which is continuously supplied with cooling gas from the interior face.
Numerical Example

One-Dimensional Problem with Constant Mass
Flux of Pyrolysis Gas
To validate the accuracy of our element in the char region with pyrolysis gas flow, a one-dimensional problem for a char region with a constant length of unity (u P = 0) along the x-axis, a |ṁ g | value of unity toward surface and a surface heat flux of unity was solved. To simulate this static problem, the following normalized material properties were used:
The result was compared to the theoretical result without gas conductivity:
The polynomial order of the char region was set to 5, and the initial temperature was set to θ P . The temperature distribution after 10 seconds using a time step of 0.1 second, at which time the computational result is assumed to be static, is shown in 
Two-Dimensional Stefan Problem
Here, we present two-dimensional transient thermal analysis results for two models, one using thermal pversion shell elements and the other using general 4-node rectangular isoparametric elements. The 4-node element in this analysis is also implemented in the CUMuLOUS element library, and uses the Comini and Del Giudice ap-proximation form of Eq.(18) for the phase change phenomena, viz.
The analysis model is shown in Fig. 5 . The 4-node rectangular element model had mesh division of 55 along the thickness direction. For both models, the mesh division in the horizontal direction in Fig. 5 was set to 10. To simulate this problem, the following normalized material properties were chosen for both element models:
A constant heat flux of 5 was applied at the upper surface of the model in Fig. 5 , and an adiabatic boundary condition was applied for all of other surfaces. The initial temperature was set to zero for all computational domains. Figure 6 shows the temperature distribution after normalized time 0.1 with constant time step of 0.001 along the line from point A to point B in Fig. 5 . The two results show fairly good agreement, with a maximum discrepancy of 2.1 percent in the char region.
The computational time and degrees of freedom of the system for each model are shown in table 1. The CPU of the computer used for these analyses was a 1.70GHz Intel R Pentium R M processor. 
Summary
To support the preliminary design of ablative thermal protection systems, a multidimensional p-version thermal shell finite element which is capable of analyzing phase change and ablation effects was developed for the element library of the CUMuLOUS multidisciplinary analysis/optimization system. In preliminary design, thermal models need to be constructed as simply as possible while the thermal response of the TPS, including nonlinear response tendencies in the thickness direction, must be solved with sufficient accuracy.
The finite element formulation of our element is based on the Galerkin method. Hierarchical Legendre polynomials are applied in the thickness direction for both of the char and virgin regions, and thickness of each region is specified using a parameter instead of coordinates to allow parametric studies.
A general linear shape function is used along the "base plane" of the element to allow it to accommodate general thermal elements to model the vehicle main structure inside of the TPS, if required. The polynomial order can be set at each node independently, and users can easily conduct parametric studies of TPS shell thickness with the desired accuracy. For each node, the "offset" value is defined as a distance from the base plane of the element along the base plane normal vector. The offset value, normal vectors, and p-order of the computational region are shared between elements automatically by the CUMuLOUS data input processing, ensuring C0 continuity of shape and temperature at the boundaries between elements.
To compute the pyrolysis gas mass flux vector, an equation of the same form as the steady-state heat conduction equation is employed for the quasi-steady mass flow. For the pseudo-pressure term of the mass flux equation, a first-order shape function is used in the thickness direction.
Two further types of element are derived from our element: one for an actively-cooled TPS using a porous medium, and another for the analysis of a TPS in which the phase changed surface layer is removed immediately by dynamic pressure.
Computational results of a model using these elements were compared to theoretical results from a nonlinear thermal model and a model using a general twodimensional 4-node element. The results for our element show good agreement with these models. Our element has the advantages of reduced computational cost and ease of carrying out parametric studies, which are often required in preliminary analysis.
